This paper is motivated by Abreu's paper which proposed "finding a total ordering of trees by their algebraic connectivity is still an open problem." We first discuss how to find a total ordering of trees with diameter 4. Then these results are used to determine first several orderings of trees by algebraic connectivity in nonincreasing order. In last, we present a class of trees with large diameter whose algebraic connectivity is larger than that of a tree with diameter 3.
Introduction
Let G = (V , E) be a simple graph with vertex set V = {v 1 , . . . , v n } and edge set E. Denote by d (v i Since λ n−1 (G) > 0 if and only if G is connected, Fiedler [6, 7] thought, in a sense, λ n−1 (G) as a quantitative measure of connectivity. Hence he called λ n−1 (G) the algebraic connectivity of G and denoted by α(G). Cvetković et al. [3, 4] proposed some possible directions for further investigations on graph spectra, one of which is how to ordering graphs with graph eigenvalues. In 1990, Grone and Merris [8] discussed how to order trees by their algebraic connectivity. In particular, they gave a partial order in the class of trees T (n, n − s − 1, s) which is obtained from joining an edge between the centers of two stars K 1,s and K 1,n−s−2 . Recently, Abreu [1] pointed out "finding a total ordering of trees by α(G) is still an open problem". On the other hand, it was until 1990 people thought that algebraic connectivity α(T ) of trees T decreases as the diameter increases. Grone and Merris [8] presented some counter-examples for this conjecture. But it was still thought that, roughly speaking, α(T ) decreases as the diameter increases. Besides, there are many new and important results on algebraic connectivity. For example, Kirkland [11, 12] investigated the relations between the algebraic connectivity and cut vertices of graphs. Mohar [17] established some relations between the algebraic connectivity and diameter. Lu et al. [13] discussed the relations between spectrum and diameter. Moreover, the reader may be referred to [9, 15, 16, 18, 19] and the references therein. We are motivated by the above two ways and recent study on algebraic connectivity and start our paper. For notations and symbols, we follows from [2] . In Section 2, we discuss how to ordering trees by algebraic connectivity in the class of diameter 4. In Section 3, the results in Section 2 are used to order first several trees by their algebraic connectivity in nonincreasing order. In Section 4, we discuss relations between the algebraic connectivity and diameters of trees. We give some examples to illustrate that α(T 1 ) is less than α(T 2 ) while the diameter of T 1 is far much less than the diameter of T 2 .
Algebraic connectivity of trees with diameter 4
In this section, we discuss how to order trees by algebraic connectivity in the class of all trees of order n with diameter 4. Denote by T (n, k, p 1 , . . . , p k ) the tree of order n obtained from star graphs, K 1,k , K 1,p 1 , . . . , K 1,p k by identifying the pendent vertices of K 1,k and the centers of K 1,p 1 , . . . , K 1,p k , respectively, where
Clearly, any tree of order n with diameter 4 can be expressed in the form of T (n, k, p 1 , . . . , p k ) (see Fig. 1 ). 
Proof. By a calculation, it is not difficult to show that the characteristic polynomial of
If p i = p i+1 , then it is easy to see that
is an eigenvalue of L(T (n, k, p 1 , . . . , p k ). Without loss of generality, we may assume that
It is easy to see that there are 2k + 1 poles λ 11 < λ 21 < · · · < λ k1 < 1 < λ k2 < · · · < λ 12 
with equality if and only if k 2 and
with equality if and only if p 1 = p 2 = 1.
We recall the definition of Types of T (see [8] ). Let T be a tree and z = (z 1 , . . . , z n ) be an eigenvector of L(T ) corresponding to the algebraic connectivity α(T ). If there are at least one zero component of z, then T is called a Type I. If each component of z is nonzero, then T is called a Type II. Fiedler [7] showed that the Type of T is independent of which eigenvector of L(T ) is chosen to play the role of z (so long as it corresponds to α(T )). (
Hence (see Fig. 1 )
Then we have
Similarly,
(
and the other components with 0 is an eigenvector of L(T (n
(2) If p 1 > p 2 , we claim that each component of x is nonzero. if x 0 = 0, then by Lemma 2.1, (4) and (5), it is easy to see that x i = 0 for i = 1, . . . , n − 1 which implies x = 0. It is impossible. If x 0 / = 0, then by Lemma 2.1, (4) and (5), it is easy to see that
Remark. From Lemma 2.1, we only consider the roots of Eq. (2) with the interval
since it is the algebraic connectivity of the corresponding tree. 
. Then by a calculation, it is easy to see that Now we just recall the notation of majorization (see [10] or [14] 
Hence ϕ(γ 12 , n, k, p 1 , . . . , p k ) = 0, then α(n, k, p 1 , . . . , p k ) = α(n, k, p 1 − 1, p 2 + 1, .
. . , p k ).
Proof. Clearly, by a calculation, we have 
By Lemma 2.1, the algebraic connectivity α(n, k,
). Now we consider the following two cases: Hence ϕ(λ, n, k, p 1 , . . . , p k ) = 0 has one root in the interval (a, λ 21 ), which is the algebraic connectivity of T (n, k, p 1 , p 2 , . . . , p k ) . Therefore the assertion holds.
(2) and (3) can be proved by similar methods and omitted.
Proof. By Theorem 2.6, then ϕ(γ 12 , n, n − 5, 3, 1, 0, . . . , 0) > 0 which yields α(n, n − 5, 3, 1,  0, . . . , 0) < α(n, k, 2, 2, p 3 , . . . , p k ) = 2 − √ 3. by Theorem 2.6. If n 11, then ϕ(γ 12 , n, n − 5, 3, 1, 0, . . . , 0) < 0 which yields α(n, n − 5, 3, 1, 0, . . . , 0) > α(n, k, 2, 2, p 3 , . . . , p k ) = 2 − √ 3. by Theorem 2.6.
Proof. By Lemma 2. 1, α(n, k, p 1 , . . . , p 
. By Lemma 2.1, the assertion holds. Corollary 2.9. Let T (n, k, p 1 , . . . , p k ) be a tree of order n with diameter 4, where k 2, p 1 · · · p k 0 and p 2 1.
with equality if and only if T (n, k, p 1 , . . . , p k ) is T (n, n − 4, 2, 1, 0, . . . , 0) . 2, 1, . . . , 1, 0) ).
Proof. By repeating use of Lemma 2.8, it is easy to see the assertion holds. Proof. It follows from Corollaries 2.2, 2.9 and 2.7.
Ordering trees by algebraic connectivity
In this section, we give the first several trees by their algebraic connectivity in nonincreasing order. Denote by T n the set of all trees of order n. The first result is due to Fiedler [6] . 
Proof. Let T be a tree of order n. If the diameter d of T is at least 4, then by Lemma 3.3,
If the diameter of T is 3, then by Lemma 3.2, α(T ) α(T (n, n − 2, 1)) with equality if and only if T is T (n, n − 2, 1). Moreover, α(T (n, n − 2, 1)) = a 2 is the smallest root of equation
and the assertion holds. Lemma 3.5. Let T ∈ T n \{K 1,n−1 , T (n, n − 2, 1)} be a tree of order n 8. Then
with equality if and only if T is T (n, k, 1, 1, p 3 , . . . , p k ) with 2 k n − 3 and 1 p 3 · · · p k 0.
Proof. Let T be a tree of order n 8. If the diameter of T is at least 5, then by Lemma 3.3,
If the diameter of T is 4, thus T is T (n, k, p 1 , . . . , p k ) with k 2, p 1 · · · p k 0 and p 2 1. Hence by Lemma 2.1, it is easy to see that α(T )
with equality if and only if T must be T (n, k, 1, 1, p 3 , . . . , p k ) with k 2 and 1 ≥ p 3 · · · p k 0. If the diameter of T is 3, then T must be T (n, n − s − 1, s) with 2 s n − s − 3, since T / = T (n, n − 2, 1). It follows from Lemma 3.2 that α(T ) α (T (n, n − 3, 2) ), where α (T (n, n − 3, 2) ) is the smallest root of equation
2 . Therefore the assertion holds. 
